Introduction
It is difficult to exaggerate the role of universal constructions in Topology. The absolute of a space, Čech-Stone compactification of a Tychonoff space, or the Raȋkov completion of a topological group, the Hartman-Mycielski embedding of a space (topological group) into a connected and locally connected space (topological group), free topological groups, etc., are just a few examples of these constructions which have the common name of functor in the category theory. Categorical methods in Topology proved to be a powerful tool of investigation [5, 7] . The importance of functors resides, apart from the vast areas of their applicability, in the fact that functors act both on the objects of an appropriate category and on the morphisms of the same category. The results of this action can belong to another category, just like in the case of the functor of taking the free topological group over a given Tychonoff space.
In this article we consider the category of semitopological groups, i.e., groups with a topology in which the left and right translations are continuous; the morphisms of this category are continuous homomorphisms. No separation restrictions on the topology of the groups are imposed unless we mention them explicitly. We also work in the narrower category of paratopological groups in which multiplication is jointly continuous. Basic information on semitopological and paratopological groups can be found in [2] , while the survey article [14] presents recent advances in this area.
Our aim is to define the so-called T i -reflection T i (G) of an arbitrary semitopological group G for i = 0, 1, 2, 3, 3.5, as well as the regular reflection Reg(G) and Tychonoff reflection Tych(G) of G. All these objects are again semitopological groups and their names indicate that T i (G) satisfies the T i separation axiom for i = 0, 1, 2, 3, 3.5, while Reg(G) and Tych(G) are, respectively, regular and Tychonoff. Each of these groups is a continuous homomorphic image of G, and the respective homomorphisms ϕ G,i : G → T i (G) are open for i = 0, 1, 2 (see Proposition 2.5). To describe the main property of the semitopological groups T i (G), Reg(G), and Tych(G), we need two simple definitions.
Let us say that a class C of spaces is a PS-class if it contains arbitrary products of its elements, is hereditary with respect to taking subspaces, and contains a one-point space. It is clear that the class T i of T i -spaces is a PS-class for each i ∈ {0, 1, 2, 3, 3.5} and so are the classes of regular (i.e., T 1 & T 3 -) and Tychonoff (i.e., T 1 & T 3.5 -) spaces. 
Abusing terminology we will usually refer to H = ϕ C G (G) as a C-reflection of G. It turns out that every two C-reflections of a given semitopological group G are naturally equivalent (see Proposition 2.2). Our main result, Theorem 2.3, states that for every semitopological group G and every PS-class C of spaces, there exists the C-reflection of G. Since the classes of spaces satisfying the usual axioms of separation (or their combinations) are PS-classes, we deduce in Proposition 2.5, for a semitopological group G, the existence of the T i -reflection T i (G) for i = 0, 1, 2, 3, 3.5, as well as the regular and Tychonoff reflections Reg(G) and Tych(G), respectively.
In Corollary 2.8 we establish that 'T i ' for i = 0, 1, 2, 3, 3.5, 'Reg', and 'Tych' are covariant functors in the category of semitopological groups and their continuous homomorphisms, while Corollary 2.9 states that the functor 'T i ' preserves open and d-open homomorphisms for i = 0, 1, 2.
It turns out that for every semitopological group G, the reflections just mentioned are connected via continuous surjective homomorphisms
of which ϕ G,0 , ψ 0 , and ψ 1 are open, while ψ 2 , ψ 3 , and ϕ G,3 are one-to-one (see Propositions 3.5, 3.7, and Lemma 3.9).
Since Definition 1.1 introducing the notion of a C-reflection has a clear categorical nature, some of the results in Section 2 can also be deduced using the methods of the category theory. We decided to present a topological treatment of the subject here as all applications of our results given in [15, 16] lie on the topological side of topological algebra.
In the forthcoming article [15] we focus attention on T i -reflections of paratopological groups. We give, in particular, a 'constructive' description of the paratopological group T 2 (G), presenting the exact form of the kernel of the open homomorphism ϕ G,2 : G → T 2 (G) and establishing several topological properties of the homomorphisms ϕ G,i for i = 0, 1, 2, 3 and ϕ G,r : G → Reg(G).
Finally, we have to mention that the idea of the study of paratopological groups via topological groups was considered by T. Banakh and O. Ravsky in [3, 4] . They defined the topological group reflection and topological group coreflection of a given paratopological group and applied these concepts to establish several topological properties of precompact and saturated paratopological groups. In [13] , the author continued the study of topological group reflection applying it to the categories of paratopological and semitopological groups.
T i -reflections in the category of semitopological groups
We show first that all C-reflections of a semitopological group are equivalent, for each PS-class C. This requires a lemma.
Lemma 2.1. Let G be a semitopological group, C a PS-class of spaces, and (H, ϕ
Proof. By Definition 1.1, there exists a continuous mapping q of H to K satisfying p = q • ϕ C G . We claim that q is a homomorphism. Indeed, the latter equality implies that q(e H ) = e K , where e H and e K are the neutral elements of H and K, respectively. Take arbitrary elementsx,ȳ ∈ H and pick x, y ∈ G satisfying ϕ 
This implies our claim and completes the proof. 
Proof. It follows from Lemma 2.1 that there exist continuous homomorphisms q 1 :
These equalities imply that q 1 and q 2 are surjective and that ϕ
Hence q 2 • q 1 is the identity mapping of H 1 onto itself, and a similar argument shows that q 1 • q 2 is the identity mapping of H 2 . This yields that q 1 and q 2 are topological isomorphisms, so q = q 1 is as required. 2
The next existence theorem is the main result of this section. Theorem 2.3. Let G be a semitopological group and C a PS-class of spaces. Then there exists the C-reflection
Proof. Given a continuous mapping f of G to a space X ∈ C, we define a subgroup K f of G by letting
We leave to the reader a verification of the fact that K f is invariant in G (the corresponding argument can be found in [8, Example 37] ). It also follows from the definition of K f that f is constant on every coset of
Since G is a semitopological group, the mappings f a,b are continuous. Let ϕ f be the diagonal product of the family {f a,b : a, b ∈ G}. Then ϕ f is a continuous mapping of G to the Cartesian product X G×G , and we denote by G f the image of G under the mapping ϕ f considered with the topology inherited from
Let us define multiplication
It follows from the definition of the mapping f a,b and our choice of x, x , y, y
It is clear that the binary operation * is associative and that ϕ f (e) is the neutral element of G f , where e is the identity of G.
is algebraically a group and ϕ f is a homomorphism of G onto (G f , * ). An easy verification shows that the kernel of ϕ f is the subgroup K f of G, i.e., the group (G f , * ) is algebraically isomorphic to G/K f .
We claim that multiplication in G f is separately continuous with respect to the topology τ f that G f inherits from the product space X G×G , i.e., (G f , τ f ) is a semitopological group. Indeed, take elements g, x 0 ∈ G and a neighborhood U of the element
whence it follows that ϕ f (g) * O ⊆ U . Therefore, the left translation by ϕ f (g) is continuous on G f . A similar argument implies the continuity of the right translation by ϕ f (g). This proves our claim.
It is clear that f = f e,e . Hence we have the equality f = p e,e • ϕ f or, equivalently, f = f • ϕ f , where f = p e,e G f is a continuous mapping of G f to X. This equality will be used later. Notice that if f (G) = X, we can replace X with f (G), which results in the same semitopological group (G f , τ f ). Hence we will consider only continuous mappings of G onto spaces in C.
Denote by F the class of all continuous mappings of G onto spaces in C. If f : G → X and h : G → Y are in F, we say that f and h are equivalent or, in symbols, f ∼ h, if there exists a homeomorphism ψ :
Since every continuous image of G can be identified as a set with a subset of κ, the family of equivalence classes E = F/∼ is a set. We choose a representative from each equivalence class in E and denote the resulting set by E.
Let ϕ C G be the diagonal product of the family {ϕ f : f ∈ E}. Then ϕ C G is a continuous homomorphism of G to the product Π = f ∈E G f of semitopological groups. Notice that Π ∈ C. Denote by H the image ϕ C G (G) considered as a subgroup and a subspace of Π. It is clear that the semitopological group H is in C, and we claim that the pair (H, ϕ
We have already mentioned above that f = f • ϕ f , so the following diagram commutes.
In what follows we denote the continuous homomorphic image H of G defined in Theorem 2.3 by C(G). 
Corollary 2.4. Let C and D be PS-classes of spaces, G be a semitopological group, and ϕ
In the following result we establish the existence of the T i -reflection, for i ∈ {0, 1, 2, 3}, as well as the regular and Tychonoff reflections in the class of semitopological groups. Proposition 2.5. For every semitopological group G and every i ∈ {0, 1, 2, 3, 3.5}, there exists the
Proof. Since the T i -spaces form a PS-class, for each i ∈ {0, 1, 2, 3, 3.5}, and the same is valid for the classes of regular and Tychonoff spaces, all conclusions of the proposition, except for the last one, follow from Theorem 2.3. Let us verify that the homomorphism ϕ G,i :
First we note that if f : X → Y is a continuous one-to-one mapping and Y is a T i -space for some i = 0, 1, 2, then so is X. Fix i ∈ {0, 1, 2} and consider a semitopological group G with the corresponding surjective homomorphism ϕ G,i : G → T i (G). Let N be the kernel of ϕ G,i . Denote by π the quotient homomorphism of G onto G/N . Since ϕ G,i is continuous, there exists a continuous isomorphism j :
Therefore, by the main property of T i (G), there exists a continuous mapping h :
Given a semitopological group G and i ∈ {0, 1, 2, 3, 3.5}, we denote by T i (G) the T i -reflection of G defined in Proposition 2.5, thus omitting the corresponding homomorphism ϕ G,i . Similarly, Reg(G) and Tych(G) stand respectively for the regular and Tychonoff reflections of G.
The last assertion of Proposition 2.5 implies that for every semitopological group G, the groups T 0 (G), T 1 (G), and T 2 (G) are quotients of G. This is no more valid for T 3 
Proof. Apply Lemma 2.1 to the continuous homomorphism p = ϕ
G is surjective, we conclude that ν = q = C(f ), i.e., the homomorphism C(f ) is unique.
If the homomorphism f is surjective, then the surjectivity of ϕ Proof. According to Proposition 2.6, the following diagram commutes.
Hence, with h = g • f , we have the equality ϕ
Combining Propositions 2.6 and 2.7, we obtain the next fact: 
, there exists a covariant functor T i in the category of semitopological groups corresponding to the class C of T i -spaces such that T i (G) is the T i -reflection of G, for each semitopological group G. Similarly, there exist the covariant functors Reg and Tych in the same category corresponding to the respective classes of regular and Tychonoff spaces.
In what follows we focus almost completely on the study of the functors T i for i = 0, 1, 2, 3 and Reg, as well as the relations between them.
Let us recall that, according to [12] , a continuous mapping 
Proof. Proposition 2.6 implies that the following diagram commutes, where g = T i (f ) and i ∈ {0, 1, 2}.
The homomorphism ϕ H,i is open by Proposition 2.5. Hence the composition ψ = ϕ H,i • f is also open. Since ψ = g • ϕ G,i and ϕ G,i is continuous and surjective, we conclude that the homomorphism g is open as well. Similarly, if f is d-open, then the composition ψ = ϕ H,i • f is d-open since ϕ H,i is open. Hence the same argument yields that g is d-open. 2
The next fact complements Proposition 2.6; it will be frequently used in the rest of the article. Proof. Let g : H → X be a continuous mapping of H to a space X ∈ C. Then f = g • p is a continuous mapping of G to X, so there exists a continuous mapping h :
This implies the equality g = h • q, and so (C(G), q) is the C-reflection of H. 2
Further properties of the functors T i , Reg, and Tych
In the following theorem we obtain the T 0 -reflection of an arbitrary semitopological group G as the quotient group of G with respect to a well-defined subgroup. The family of open neighborhoods of the neutral element e G in G will be denoted by N(e G ).
Theorem 3.1. Let G be a semitopological group, P = N(e G ), and
Proof. It is clear from the definition of K that e G ∈ K and K −1 = K. Since internal automorphisms of G are homeomorphisms of G onto itself, we see that K is invariant in G. Let us verify that K is a subgroup of G.
Take an arbitrary element x ∈ K. First we verify that xP ⊆ P and P x ⊆ P . Given an element U ∈ N(e G ), we have that x ∈ K ⊆ U , so e G ∈ x −1 U and x −1 U ∈ N(e G ). Hence our definition of P implies that
N(e G ) = x −1 P or, equivalently, xP ⊆ P . A similar argument shows that P x ⊆ P . Again, let x be an element of K. Then x −1 ∈ K since K is symmetric. Hence P x −1 ⊆ P or, equivalently,
We also know that xP ⊆ P , whence it follows that x(
We claim that KU = U , for every open subset U of G. Indeed, suppose for a contradiction that there are an element x ∈ K and a non-empty open set U in G such that xU \ U = ∅. Then there exists a ∈ U such that xa / ∈ U . Hence V = Ua −1 is in N(e G ) and x ∈ K \ V = ∅, thus contradicting our definition of K. Let π : G → G/K be the quotient homomorphism. It follows from the above claim that
It is easy to see that the quotient group G/K is a T 0 -space. Indeed, if an element y ∈ G/K is distinct from the neutral element of the quotient group, take 
Let ϕ G,0 : G → T 0 (G) be the canonical quotient homomorphism. Since the T 0 -spaces constitute a PS-class, Lemma 2.1 implies that there exists a continuous homomorphism q :
∈ U in the first case, and x −1 / ∈ U in the second one. In either case,
Since the continuous open homomorphisms π and ϕ G,0 have the same domain and the same kernels, the equality q • ϕ G,0 = π implies that q is a topological isomorphisms between the groups T 0 (G) and G/K. This completes the proof. 2
In what follows the canonical homomorphism of G onto T 0 (G) is always denoted by ϕ G,0 . In the next corollary we do not impose any separation restrictions on a semitopological group G, while it is customary to require that the domain of a perfect mapping be a Hausdorff space (see e.g. [6] ). 3. A paratopological group G is a topological group iff so is T 0 (G) .
Proof. If G is topological group, then T 0 (G) is also a topological group as a quotient of G. Conversely, suppose that T 0 (G) is a topological group. Since the homomorphism ϕ G,0 is perfect, G is a topological group by [1, Theorem 1.6]. Alternatively, the kernel N of the quotient homomorphism ϕ G,0 carries the anti-discrete topology, so N is a topological group. Hence so is G by [9, Lemma 4] . 2
In the next theorem we describe the T 1 -reflection of a semitopological group. A corresponding 'internal' description of the Hausdorff reflection of a semitopological group is still unknown (see Problem 4.1). Proof. Since xKx −1 is a closed subgroup of G, for each x ∈ G, it follows from the minimality of K that
Let ϕ G,1 : G → T 1 (G) be the canonical quotient homomorphism. Since the T 1 -spaces constitute a PS-class, Lemma 2.1 implies that there exists a continuous homomorphism q :
surjective, and continuous, and so is ϕ G,1 by Proposition 2.5. Hence the equality q • ϕ G,1 = π G implies that q is a topological isomorphism. This completes the proof. 2
It is not surprising, after all, that the functors T i 's, Reg, and Tych are related to each other. This relation is described in the following proposition. As in Proposition 2.5, we denote the canonical homomorphism of G onto Tych(G) by ϕ G,t .
Proof. It is well known that the closure of a subsemigroup of a semitopological group is again a subsemigroup. Since {e} is a subsemigroup of G, so is N . Let us show that N is symmetric.
Let N(e) be the family of open neighborhoods of e in G. Since G is a T 3 -space, x ∈ {y} implies that y ∈ {x} for all x, y ∈ G. Hence, if x ∈ {e}, then e ∈ {x}, i.e., every U ∈ N(e) contains the element x. In turn, this implies that e ∈ x −1 U , for each U ∈ N(e). The latter means that x −1 ∈ {e}. We have thus proved that N −1 ⊂ N . Taking the inverses in this inclusion, we obtain that N ⊂ N −1 , whence the equality
As in Theorem 3.1, let P = N(e). We claim that
for each U ∈ N(e) iff x ∈ P −1 . This implies the equality N = P −1 . Since N is symmetric, we conclude that 
Proof. It is clear that regularity implies the T 3 separation axiom. Hence we can apply Corollary 2.4 to find continuous surjective homomorphisms λ G :
The equality 3 • f (i.e., the commutativity of the left part of the above diagram) was established in Proposition 2.6. The same result implies that Reg(f ) • ϕ G,r = ϕ H,r • f . Hence the commutativity of the right part of the diagram is immediate.
Since ϕ G,r = λ G • ϕ G,3 , we apply Corollary 2.10 to conclude that (Reg(G), λ G ) is the regular reflection of T 3 (G). The group T 3 (G) is a T 3 -space, so Lemma 3.6 implies that λ G is the quotient homomorphism of Proof. We will show that Reg(G) ∼ = T i (T 3 (G)) for each i ∈ {0, 1, 2}, leaving the corresponding verification of equivalences for morphisms to the reader. For i = 0 this follows from Proposition 3.7, so it suffices to verify that Reg(G) ∼ = T i (T 3 (G)) for i = 1, 2.
Let ϕ H,i be the canonical homomorphism of H onto T i (H), where H = T 3 (G) and i ∈ {1, 2}. It follows from Proposition 3. Proof. Denote by H the group G considered with the trivial anti-discrete topology. It is clear that H is a topological group satisfying the T 3 separation axiom and the identity mapping i G of G onto H is continuous. Hence there exists a continuous homomorphism h : 3 . Since i G is a bijection, so is ϕ G,3 . 2
Restricting the functors T i for i ∈ {0, 1, 2} to paratopological groups, we obtain covariant functors in the category of paratopological groups. In other words, T i (G) is a paratopological group, for every paratopological group G. Indeed, the homomorphism ϕ G,i is open by Proposition 2.5, so it suffices to note that every quotient of a paratopological group is again a paratopological group.
A similar fact for the functors T 3 and Reg requires an additional argument. It turns out that T 3 (G) is the semiregularization of G, for each paratopological group G (see [15, Theorem 2.5] ). Hence T 3 (G) is a paratopological group, according to a result proved by Ravsky in [10] . Finally, since Reg(G) ∼ = T 0 (T 3 (G)) by Proposition 3.7, we see that the functor Reg preserves paratopological groups as well.
We do not know, however, whether Tych(G) has to be a paratopological group, for each paratopological group G (see Problem 4.2).
